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Abstract
We propose a first-principles approach for treating the unstable vibrational mode of transition
states in solid-state diffusion. It allows one to determine a number of fundamental quantities
associated with the transition state, in particular the enthalpy and entropy of migration and the
characteristic vibrational frequency, along with their temperature dependences. Application to
pure face centered cubic Al shows good agreement with available experimental measurements
and previous theoretical calculations. The procedure is further applied in calculations of the
migration properties of Mg, Si and Cu impurities in Al, and the differences among Mg, Si and
Cu are discussed.

(Some figures may appear in colour only in the online journal)

Atomic diffusion is a common and important non-equilibrium
process in solids that takes place at finite temperatures.
It is the primary mechanism for mass transfer involved
in processes ranging from precipitation reactions in alloys
to incorporation of dopants in semiconductors. Several
previous works [1–5], including our work [3, 4, 6, 7],
have been focused on predicting self-diffusion and impurity
diffusion coefficients using the transition state theory and
first-principles calculations. In this work, we present the
microscopic diffusion parameters such as enthalpy and
entropy of migration and characteristic vibrational frequency
from first-principles in comparison to other theories and
experiments. An attempt is made to understand the effect of
solute atom on diffusion properties.

According to the atomic theory [8] of diffusion, the
magnitude of tracer/impurity diffusion coefficients, D, in
a solid through the vacancy mechanism is determined by
two fundamental microscopic parameters: Cv—the vacancy
concentration adjacent to a tracer/impurity atom and w—the
tracer/impurity atom jump frequency, with D = 1/6fr2ZCνw,
where f is a correlation factor, r the jump distance and Z
the number of nearest neighboring sites. Prediction of Cν or
w as a function of temperature has been carried out through

first-principles calculations [3, 4, 6, 7]. Specifically in our
previous works [3, 4, 6, 7], atom jump frequency w has
been determined in a straightforward manner from transition
state theory [3, 4, 6, 7]. However, computing the constituent
dynamic properties, such as the entropy of migration and
characteristic vibrational frequency, that are important for
understanding the fundamental physics of the atomic jump,
is more challenging.

The jump frequency is typically written as [9]

w = ν∗ exp
(
−
1H∗m
kBT

)
, (1)

where ν∗ is an effective frequency and1H∗m is the enthalpy of
migration. ν∗ can be calculated as the quotient of the product
of the vibrational frequencies of the initial state (IS) to that
the frequencies of transition state, excluding all imaginary
frequencies of the transition state (TS) [4, 10].

The present work focuses on the long outstanding
physical concept of entropy of migration 1Sm by Vine-
yard [10], noticed by many previous works [1, 5, 11–17],
to a lesser extent on 1Hm. According to Vineyard [10],
ν∗ = ν̃ exp(1Sm/kB) with ν̃ representing the characteristic
vibrational frequency of the migration atom in the system.
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We notice that the calculations of ν̃, 1Sm, and 1Hm
in equation (1) have been difficult due to the fact that
they are associated with TS which is an unstable state
with the migrating atom at the saddle point. Previously,
classical/ab initio dynamical simulations have been used [5,
12, 13, 16] to obtain their values, while few other studies
involved simple approximations [1, 11, 17–19].

Directly computing microscopic diffusion parameters
involving an unstable transition state is fundamentally
challenging. In defining the thermodynamic properties of
migration resulting from reversibly taking a system in initial
state to transition state, a constant number of degrees of
freedom needs to be maintained [20]. Due to the instability
of the transition state the thermodynamic properties of this
state are defined with one fewer degree of freedom (DOF)
compared to the initial state.

Vineyard [10], in defining the entropy of migration,
maintained the initial and transition states to have the equal
number of DOF by imposing a constraint whereby both
states are prevented from oscillating along the direction
(in momentum space) parallel to the diffusion direction.
Van Vechten [21] followed another approach through the
ballistic model (BM) of atom migration in which the diffusing
atom hopping across the saddle point is considered to move
ballistically, with the vibrational modes of the hopping atom
at the saddle point replaced by translational modes. Attempts
had also been made to estimate the values of entropy of
migration using the ballistic model, by Dobson et al [22]
and Wager [23] who considered only modes related to the
migrating atom, neglecting any change in the vibrational
behavior of atoms neighboring the activated atom–vacancy
pair. This can be problematic when trying to extend the
formalism to impurity-containing systems, as in such cases,
differences between the radii of the migrating and host atoms
can lead to significant vibrational effects.

In this work, we propose to explicitly treat the vibrational
mode in the diffusion direction as the integral component of
both initial and transition states. The free energy contribution
of this particular vibration mode, F̃, is defined from statistical
mechanics as

F̃ = −kBT ln Z̃, (2)

where Z̃ is the partition function from the energy states
accessible to the diffusing atom in the diffusion direction. In
order to obtain Z̃, we construct a double-well potential by
projecting the potential energy landscape along the diffusion
direction as the migrating atom hops from its initial position
to a neighboring vacancy. The lost DOF at the transition state
is then recovered by adding the free energy contribution due
to the vibrational mode in the diffusion direction back to the
system. We therefore treat, ν̃, the characteristic vibrational
frequency of the migration atom as [6]:

ν̃ = kBT/hZ̃. (3)

The atom migration properties are determined after including
the vibrational contributions from all the atoms in the system.
Hence our procedure can be directly extended to systems
containing impurities, with the temperature dependences of

these individual quantities computed. As far as we are aware,
this work represents the first attempt to accurately determine
atom jump frequencies as well as temperature-dependent
migration properties directly from first-principles. We here
illustrate the procedure for the well-studied case of fcc Al.

For our first-principles calculations, we use the projector
augmented wave (PAW) potentials [24, 25]. Both the local
density approximation (LDA) [26] and the generalized
gradient approximation (GGA) [27] are examined for pure
Al. Tests indicated that a Monkhorst–Pack k-point mesh of
11× 11× 11 and an energy cutoff of 300 eV are sufficient to
yield converged migration barriers within 0.01 eV for these
systems. We obtain similar convergence of the energetics
calculated using supercells with 32 and 64 atoms. Hence,
a supercell with 32 lattice sites (2 × 2 × 2 conventional
fcc cells) is employed. All configurations are completely
relaxed with respect to internal coordinates, volume and
shape. To quantitatively determine the transition state, we use
the nudged elastic band (NEB) method [28] as implemented
in the highly efficient Vienna ab initio simulation package
(VASP) [29].

The phonon frequencies are calculated using the supercell
approach [30], as implemented in the alloy theoretic
automated toolkit (ATAT) [31] package. The total free energy
is calculated using the equation:

F(T,V) = Ec(V)

+ kBT
∑

q

∑
j

ln
{

2 sinh
[

hvj(q,V)

2kBT

]}
, (4)

where Ec(V) stands for the 0 K static energy, and νj(q,V)
represents the frequency of the jth phonon mode at wavevector
q and volume V . The summation j is over the stable vibrational
modes of the system, excluding the unstable modes [6,
32]. The entropy and enthalpy are computed from the free
energy through the standard thermodynamic relations. In
the harmonic approximation (HA), the free energies are
calculated at the fixed 0 K equilibrium volume, while in the
quasi-harmonic approximation (QHA), the free energies are
determined by finding the minima along curves of free energy
as a function of volume by means of interpolation at given
temperatures.

To calculate Z̃, we first determine the double-well
potential, as illustrated in figure 1, describing motion of
the diffusing atom along the diffusion direction over the
entire diffusion path. System geometries with the diffusing
atom at intermediate positions along the diffusion path are
relaxed with respect to volume and shape (atomic positions
are not relaxed in order to avoid the displacements of the
atoms to equilibrium positions). The potential thus obtained
is scaled to the barrier height resulting from NEB calculations
to compensate for incomplete relaxations. The resulting
double-well potential is identical to the potential diagram
from NEB for the path between the two equilibrium positions,
as can be seen in figure 1. The Hamiltonian of this double-well
potential is numerically solved to get the eigen-energies, εi, a
procedure described in a previous work for treating phonon
instabilities in bcc Zr [33]. From these eigen-energies we
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Figure 1. First-principles calculated double-well potential
representing the motion of the diffusing atom from its equilibrium
lattice position to adjacent equilibrium position that is vacant. The
discrete energy states of this potential are also illustrated in the
figure. The minimum energy path between the two equilibrium
positions obtained from NEB method is also plotted.

obtain Z̃ as a function of temperature from the equation:

Z̃ =
∑

i

exp
(
−εi

kBT

)
. (5)

Enthalpy and entropy of the vibrational mode in the diffusion
direction, H̃ and S̃, can be obtained from this partition
function. Consequently, the enthalpy and entropy of migration
are calculated by the following equations:

1Hm = H∗TS − HIS + H̃ = 1H∗m + H̃

1Sm = S∗TS − SIS + S̃ = 1S∗m + S̃,
(6)

where H∗TS and S∗TS represent the enthalpy and entropy
calculated at the transition state from equation (4) with the
unstable model excluded, and HIS and SIS are the enthalpy
and entropy calculated at the initial state under the HA.
The net DOF on the right-hand side of equation (6) is thus
zero, providing a solution to the problem that the HA cannot
numerically handle the contribution of the unstable phonon
mode to any required thermodynamic quantities. The jump
frequency in equation (1) can thus be re-written as

w = ν̃ exp
(
−
1Hm − T1Sm

kBT

)
. (7)

For impurity migration properties, the present calcula-
tions are only conducted within LDA without considering
surface correction [34]. Surface-correction values have been
estimated for few pure elements [35], but are not available for
systems with impurities. Unlike GGA, fortunately, energetics
from LDA have small error associated [36].

Our results of migration properties obtained from the
harmonic approximation for pure Al are tabulated in table 1 in
comparison with other values reported in the literature. We see
that our results, in terms of the enthalpy of migration, and the

Table 1. Results from the harmonic approximation of the current
work on fcc Al in comparison with other calculated and critically
analyzed experimental data with ν∗ deduced from the diffusion
prefactor D0.

Method 1Hm (eV)
1Sm
(kB)

ν̃
(THz)

ν∗

(THz)

Current GGA 0.52 2.53 2.10 26.5
Current LDA 0.58 2.28 2.26 22.1
BM [23] 0.72 2.68 8.3 121.5
cB � [37] 0.71 2.99 6.8 135
EAM/MP [5] 0.61 22.6
Exp [40] 0.61± 0.03 26.0

effective frequency ν∗ obtained using double-well potential,
are in very good agreement with the data from experiments
and dynamical simulations. We would like to draw attention
towards our prediction of entropy of migration, that matches
well with the prediction from other computational works in
the literature [23, 37] (discussed earlier). To our knowledge
there is no existing study that attempted to determine the value
of characteristic vibrational frequency ν̃, although existing
predictions for ν∗ and 1Sm confirm the prediction for ν̃ from
the current work.

Within HA the thermodynamics of atom migration
processes are found to be nearly constant with temperature.
Within QHA, due to the varying thermal expansion
coefficients of the initial and transition states, the enthalpies
and entropies of migration vary with temperature. In the
case of Al these temperature dependences are seen to be
small, about 3% from the Debye temperature to close to the
melting temperature, and the resulting tracer jump frequencies
found to be similar to the harmonic case. Therefore for
calculating migration properties of impurities in Al only
harmonic approximation is adopted.

Predicted migration properties for impurities Mg, Si and
Cu in Al along with data deduced from solute diffusion
measurements are tabulated in table 2. It can be seen that
the predicted data is in the same range as experimental
data. Existing discrepancies could be due to comparison to
experimental data coming from measurements over small
temperature range at high temperatures. The value of ν∗

calculated using Vineyard’s theory is compared to the
prediction from double-well approach in table 3. Inaccurate
result of ν∗ from Vineyard’s theory is because it involves
two approximations: (i) high temperature limit with constant
vibrational frequencies and (ii) considering only the phonons
at wavevector equal to zero to obtain individual vibrational
frequencies in the supercell. From Wert and Zener [9], the
more accurate definition of the effective frequency is based
on the comparison of the partition function of the system
in initial state without restraint on the solute atom and the
partition function of the system in transition state with the
solute atom constrained from moving along the diffusion
direction (one degree of freedom less) [6]. We note that the
partition functions should be calculated using the all phonon
frequencies along all wavevector direction. Our calculated
effective frequencies are supported (see table 1) by the work
of Sandberg et al [5].
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Table 2. Migration properties of impurity atoms in fcc Al, calculated from the harmonic approximation using LDA potential in comparison
with experimental 1Hm deduced from the activation energy Q, and ν∗ deduced from diffusion prefactor D0 using the vacancy–solute
binding enthalpy and entropy from critically analyzed experimental data [41], assuming negligible effects of correlation.

Diffusion parameter Tracer 1Hm (eV) 1Sm (kB) ν̃ (THz) ν∗ (THz)

Current (LDA) Mg 0.42 2.74 1.54 23.85
Si 0.55 2.59 1.41 18.8
Cu 0.57 1.90 0.94 6.29

Experimental Mg 0.67± 0.12 [42],
0.61± 0.09 [43]

18.4 [42],
12.1+13

−6.7 [43]
Si 0.69± 0.03 [44],

0.64± 0.03 [45]
0.85 [44],
0.96+0.14

−0.14 [45]

Cu 0.73± 0.16 [46],
0.68± 0.22 [47]

13.2+46
−10 [46],

5.88+20.5
−4.6 [47]

Table 3. Effective frequency ν∗ (THz) using LDA from double-well
approach compared to Vineyard’s transition state theory [9].

Double-well

Migrating atom T = 400 K T = 900 K Vineyard’s TST

Al (HA) 22.06 22.2 16.6
Al (QHA) 20.47 21.4 14.4
Mg (HA) 23.85 24.9 18.6
Si (HA) 18.8 18.2 15.7
Cu (HA) 6.32 6.25 4.03

We attempt to understand the physical factors influencing
the values of enthalpy and entropy of migration and
characteristic vibrational frequency of different impurities in
Al. Based on a previous first-principles work by Wang et al
[38], the size of Mg, Si and Cu atoms in an fcc lattice is
in the order of rMg(1.6 Å) > rSi(1.39 Å) > rCu(1.28 Å).
We see that the enthalpy of migration (listed in table 2)
is smaller for impurity with a larger size and vice versa.
To understand this behavior in the energetics, we study the
relaxed configurations. Large Mg solute (rAl = 1.43 Å) is
seen to move towards the vacancy (∼0.12 Å) pushing apart
its nearest neighboring Al atoms adjacent to vacancy in the
initial state itself, resulting in lower barrier for migration.
Si atom exhibits similar behavior, but to a smaller extent
(∼0.04 Å), thus experiencing higher barrier for migration than
Mg. Small Cu solute is seen to be pushed away from the
vacancy (∼0.03 Å) with the nearest neighboring Al atoms
adjacent to vacancy coming closer together, requiring much
higher energy to migrate.

To understand the trend of the entropy of migration and
characteristic vibrational frequency that are based on the
vibrational frequencies in the system, we study the force
constants in the transition and initial states. Force constants
obtained in the present work, for the first and second nearest
neighbors to the impurity, indicate greater (lesser) bond
softening on movement of larger (smaller) solute atom to the
saddle point. Change in vibrational frequency described by
1ν =

√
1k/
√

mAlmimp [39] is seen to be of the same order
as change in force constants (1k): 1νMg > 1νSi > 1νCu.
Larger decrease in the vibrational frequency on migration
causes higher positive entropy of migration. It is observed
here that the larger the solute atom size, the greater is its

entropy of migration. But as the change in frequency involves
effects of both mass (mimp) and force constants (k) of the
solute atom, this trend could alter in other cases. However,
the newly developed ability to compute these fundamental
microscopic quantities, as demonstrated in this work, allows
one to understand the effects of various physical factors of a
solute atom on its diffusivity in a given solvent.

In summary, we developed a first-principles approach to
treat the unstable transition state of diffusion. Our proposed
double-well approach allowed determination of enthalpy and
entropy of migration and characteristic vibrational frequency
as a function of temperature, for self-diffusion and impurity
diffusion. This contributes towards accurate prediction of
jump frequencies and thus diffusion coefficients. From the
current study the insufficiency of Vineyard’s description of ν∗

is also demonstrated.
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[1] Blöchl P E, Van de Walle C G and Pantelides S T 1990 Phys.
Rev. Lett. 64 1401

[2] Janotti A, Kremar M, Fu C L and Reed R C 2004 Phys. Rev.
Lett. 92 085901

[3] Mantina M, Wang Y, Arroyave R, Wolverton C, Chen L Q and
Liu Z K 2008 Phys. Rev. Lett. 100 215901

[4] Mantina M, Wang Y, Chen L Q, Liu Z K and
Wolverton C 2009 Acta Mater. 57 4102

[5] Sandberg N, Magyari-Kope B and Mattsson T R 2002 Phys.
Rev. Lett. 89 065901

[6] Mantina M, Chen L Q and Liu Z K 2009 Defects and
Diffusion, Theory and Simulation: An Annual Retrospective
I ed D J Fisher (Stafa-Zurich: Trans Tech Publications) p 1

4

http://dx.doi.org/10.1103/PhysRevLett.64.1401
http://dx.doi.org/10.1103/PhysRevLett.64.1401
http://dx.doi.org/10.1103/PhysRevLett.92.085901
http://dx.doi.org/10.1103/PhysRevLett.92.085901
http://dx.doi.org/10.1103/PhysRevLett.100.215901
http://dx.doi.org/10.1103/PhysRevLett.100.215901
http://dx.doi.org/10.1016/j.actamat.2009.05.006
http://dx.doi.org/10.1016/j.actamat.2009.05.006
http://dx.doi.org/10.1103/PhysRevLett.89.065901
http://dx.doi.org/10.1103/PhysRevLett.89.065901


J. Phys.: Condens. Matter 24 (2012) 305402 M Mantina et al

[7] Mantina M, Shang S L, Wang Y, Chen L Q and Liu Z K 2009
Phys. Rev. B 80 184111

[8] Peterson N L 1978 J. Nucl. Mater. 69/70 3
[9] Wert C and Zener C 1949 Phys. Rev. 76 1169

[10] Vineyard G H 1957 J. Phys. Chem. Solids 3 121
[11] Adams J B 1989 J. Mater. Res. 4 102
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